Abstract. We show the following result: Let A be a positive operator satisfying 0 < m1 H ≤ A ≤ M 1 H for some scalars m, M with m < M and Φ be a normalized positive linear map, then
Introduction
In 1948, L.V. Kantorovich, Soviet mathematician and economist, introduced the well-known Kantorovich inequality [8] . Operator version of Kantorovich inequality was firstly established 
This note aims to present an improvement of inequality (1) . The main result of this note is of this genre:
This is proven at the end of Section 2. We start off by fixing some notation: Let B (H) denote the set of all bounded linear operators on a complex Hilbert space H with the identity 1 H . We extensively use the continuous functional calculus for self-adjoint operators, e.g., see [6, p. 3 ]. An operator A on H is said to be positive A positive function defined on the interval I (or, more generally, on a convex subset of some vector space) is called log-convex if log f (x) is a convex function of x. We observe that such functions satisfy the elementary inequality
for any a, b ∈ I. Because of the weighted arithmetic-geometric mean inequality, we also have
which says that any log-convex function is a convex function.
The following inequality is well known in the literature as the Choi-Davis-Jensen inequality: 
B (K). If f is non-negative convex function, then
In Section 2 we prove an analogue of Theorem C for log-convex functions. The proof of Theorem 1.1 follows quickly from this inequality. In Section 3, inspired by the work of Lin [9] , we square the second inequality in (2).
A refinement of the operator Kantorovich inequality
An important role in our analysis is played by the following result, which is of independent interest.
Proposition 2.1. Let all the assumptions of Theorem C hold except the condition convexity which is changed to log-convexity. Then
Thanks to (3), we have
where
Applying functional calculus for the operator A, we infer that
Using the hypotheses made about Φ,
On account of [12, Corollary 4.12] (the functions f and g there are now L and f , respectively),
Notice that, although [12, Corollary 4.12] is for matrices, it is also true for operators.
Hence (5) follows.
The following follows immediately from Proposition 2.1. Recall that f (t) = t p , (p < 0) is log-convex function.
Corollary 2.1. Under the hypotheses of Proposition 2.1, let p ∈ (−∞, 0) and 0 < m < M. Proof. The idea of the proof is similar to [5, Theorem 3] . It is easy to see that if A, B > 0 and α > 0, then
